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Abstract 

We apply the quasi-elastic assumption of the strong final state interactions to describe 
the i? — > TTTT and B —>■ ttK branching ratios and CP asymmetries and derive bounds on 
7. We find that small electroweak penguins contributions and values of 7 larger than in 
standard fit results are favored by data. 
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1 Introduction 



The strong phases of the 5 — > tttt and B ttK decay amphtudes have been usually 
treated assuming that the strong interactions are dominated by short distance perturbative 
effects. According to this the strong phases can be obtained perturbatively from penguin 
and tree diagrams and are then generalized to describe hadronic strong phases to all orders. 
However, in [J it was shown the lack of compatibility between the strong phases calculated 
perturbatively, and those of the isospin basis, where phases are contemplated at all scales 
(soft and hard). 

The isospin symmetry is a very good approximation of the hadronic world. For example, 
the K —>■ TTTT decay amplitudes are treated on the basis of this symmetry of the strong 
interactions. For B decays we still have isospin invariance but now there are many modes 
apart from the elastic ones that can be reached with rescattering of final states (FSI). 
However, for the case of B mesons inelasticity is not expected to be significant as far as 
it becomes important for large angular momentum waves. Therefore we will work in the 
quasi-elastic limit, where inelastic channels are neglected in rescattering. 

The Regge model predicts that the quasi-elastic strong phases are small, and so the 
CP asymmetries must be necessarily small. Experimentally, the 7i~K~^ asymmetry turns 
out to be large, in contradiction with the hypothesis. Nevertheless, this mode involves a 
charged pion and corrections due to radiation of photons can play an important role in 
quoting precise results from experiments. 

In this paper we use the quasi-elastic predictions for FSI in B —>■ Kn, tttt to derive 
bounds on the angle 7 of the unitary triangle. We give an overview of the Watson Theorem 
and on the concepts of bare and rescattered amplitudes, then apply these principles to pa- 
rameterize the decay amplitudes in terms of the quark and isospin amplitudes. Using the 
experimental branching ratios, which are more precisely measured than the CP asymme- 
tries, we give an estimate for the range of 7 and of the electroweak penguins contribution, 
then we give predictions for the asymmetries. We finally present our conclusions. 



2 Hadronic strong phases 

The Watson Theorem |2], [3] tell us that the decay amplitudes factorize into the product 
of the direct or "bare" weak amplitudes. A'', and the rescattering factors, V^, 

A{B ^ P,) = ^/S,,A%B ^ P,), A,(B ^ P.) = ^/S,,Af{B ^ P,), 

where as usual the CP conjugated amplitude is given the same strong phase Sij which 
denotes here the matrix element of the Pj Pj strong interaction. If we factorize the weak 
phase in the amplitude A^, we do not have other strong phases induced by perturbative 
calculations, and the complete hadronic phases to all orders are included in the factors. 
If we were in the elastic case, would be diagonal in the isospin basis: 



el ■ 
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Thus, for the case of B ^ ttK decay amphtudes, we would have 

Aj Aie'^', Ai A}e'^', I = 3/2, 1/2, 

or in the physical basis 

with analogous expressions for the other channels A^o^o and At^-k+ that are reached by 
decays. 

At the B mass, however, we have the more general inelastic case, which is described in 
the isospin symmetric 



-7=3/2 




where we have replaced ^/Sa = e^^' — > \/Vj^^^' for the elastic FSI and have also incorporated 
the inelastic channels [j 7^ irK). The elastic parameters r] and 6, can be calculated using 
the Regge model of strong interactions. 

In the Regge model, the high energy amplitudes in the s-channel can be parametrized 
in terms of trajectories exchanges in the small t region. A Regge Model to describe B —>■ 
TiK, Till decays was proposed in |lj and [H] , but this assumed the complete elasticity of FSI 
as it was later remarked in [Bl. Taking into account this remark and using the relations 
between the isospin amplitudes in the s and t channels 

^ 5/3 w -0 \ / Al^^ \_fl/V6 I \f Al 



\/l -{% ~v! )VA)' y y - -1/2 j V ^; 

we now find: 

vl=i/2imB) = 0.72, vJ=3/2imB) = 0.71, 
vZoi^B) = vZ2{^b) = 0.64. 

For these results we made a fit of nucleon-nucleon and pion-nucleon total cross sections 
and made use of factorization. /2 and p trajectories were considered in t channel in addition 
to the Pomeron exchange, for both, vr — vr and n — K modes. K* and K** trajectories were 
neglected in the small region in the case of tt — if, because of their small size. The 
equality of the 77 factors in each mode follows from the pomeron dominance over the rest 
of trajectories contributing to the A^ amplitude at the B mass scale. As a consequence 
the strong phases are almost the same (and close to zero because the pomeron is almost 
imaginary), so that the differences of the strong phases would be very tiny and it becomes 
difficult to give its value with accuracy. 

Since the factors ^/f] are close to unity, we can take the quasi-elastic assumption [7j, that 

consists in the cancellation of the inelastic channels, which means that J2j=/=TTK ^^■kKjA-'j — ^ 
0. 
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3 Amplitudes decomposition 

Let us consider the B 7iK decay amplitudes. Once we absorb the elastic parameters 
into the definitions of physical amplitudes, they can be written in terms of the isospin 
amplitudes as follows 

A.oj,o = ^1^3/26^^3/. _ _L ^A[/,-A^/2)e^'^/- , A^-K^ = + y|(^V2 -^i/2)e''v^ , 

where we have defined the isospin amplitudes 

^/2 = -y|(3/2|//A/=i|l/2>, A/2 = --^(1/2|//a7=i|1/2), = (1/2|//a/=o|1/2). 

On the other hand, we can express the bare or direct weak amplitudes in terms of the 
leading T {tree), P [Q CD -penguin), C {color suppressed) and P^'^ {EW-penguin) quark 
diagrams as follows 

KoKo = ^ {CK -{P- P'''^)K) , K-K^ = {TK + PK) , 

where we have defined = VtsV^l —AX'^ and = KsK*6 ~ ^Ru^^e^'^, with |p— iTyj 
in the Wolfenstein parameterization. 

When the strong phases are turned ofi^ in the isospin amplitudes, we can identify the 
following relations between the quark and the isospin amplitudes, 

= ^[iT + C)K + ^^^A,^] , A/2 = ^ [{-T + 2C)A: + 2P^^A,^] , 



~ V 2 V 2 " 

Thus, using such identities we find the physical amphtudes (including FSI) in terms of 
quark diagrams 

A^^KO = PK + l{iT + C)X: + P^'^Xl) (1 - e^^--), 
-^iiT + C)X: + {P + P^^)AO -^{iT + C)X: + P^^AO (1 - e^'-). 
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A^-K^ = {TX: + PXt) - ^ ((T + C)X: + P^^A,^) (1 - e^'^n, 
where the strong phase 61/2 was absorbed into the definitions of the amphtudes and St^k = 

In the case of -B — > vrvr decays, we follow the same steps. Here, the physical amplitudes 
in terms of the isospin amplitudes are given by 

where 

A, = --L(2|i7A/=3/2|l/2), Ao = --^(0|i/A/=i/2|l/2). 
In terms of the leading quark diagrams, the bare weak amplitudes are 

K,^o = ^{T + C)Xt Al,^^=TXt + PXt Ko^o = ^{-CXt + PXf), 

where Af = V*f,Vud ~ AR^X^e'"' and Xf = V^lVtd ~ APjA^e"*^, with Rt = \l- p-iri\. 

In the absence of the strong phases, we have the following relations between the isospin 
and quark amphtudes: 

Using these relations, the total rescattered amplitudes in terms of quarks diagrams are 

A.+.o = i=(T + C)A^e^^-^ 

= {TXt + PAf) + 1{T + C)Xi [e^'-- - l) , 

A^o^o = i= {-CXt + PA,^) - ^(T + C)Xt [e^'-- - 1) , 
where 5^^ = 52 — ^o- 

Measurements of the B —>■ nK and P ^ vrvr branching ratios have been reported in refs. 
[Hj- J5 (expressed in units of 10~^ in Table 1). 
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TABLE 1: Branching ratios of B ^ ttK, tttt decays 







BaBar 


Belle 


CLEO 


average 


B{B+- 




26.0±1.6 


22.0±2.2 


18.8^J 


24.1±1.3 


B{B'^- 




12.0±0.9 




12.9+25 


12.1±0.8 


BiB"^- 




11.4±1.1 


11.7±2.6 




11.5±1.0 


B{B'>- 


^■K-K+) 


19.2±0.85 


18.5±1.2 


18.(t|^ 


18.9±0.7 


B{B+- 




5.8±0.7 


5.0±1.3 


4.fft}:? 


5.5±0.6 


BiB"^- 




5.5±0.5 


4.4±0.67 




5.0±0.4 






1.17±0.335 


9 040.45 
^•'-'^-0.58 


< 4.4 


1.45±0.29 



Corresponding measurements of the CP asymmetries are much less precise ^TJ-jini and 
are summarized in Table 2. 



TABLE 2: CP Asymmetries of 5 ^ txK, tttt decays 





BaBar 


Belle 


CLEO 


average 


An-K+ 


-0.133±0.031 


-0.113±0.022 


-0.04±0.16 


-0.115 ±0.018 




-0.087±0.047 


0.05±0.05 


0.18±0.24 


-0.02±0.034 


A^ok+ 


0.06±0.06 


0.04±0.05 


-0.29±0.23 


0.04±0.04 


At^Ok^ 


-0.06±0.19 


-0.12±0.21 




-0.09±0.14 




-0.09±0.15 


-0.56±0.13 




-0.37±0.10 




-0.12±0.56 


•^•^^-0.55 






c 


-0.30±0.17 


-0.67±0.17 




-0.50±0.12 



There are some noticeable differences between BaBar and Belle results, namely the 
differences of the branching ratios B{B^ -^tc^K^) and B{B^ ^tt^tt^) are 1.5a and 2a away, 
respectively, while the differences of the asymmetries S'^+,r-, At^+ko and 0.,,+-,^- differs by 
1.5(7, 2a and 2.3a. Therefore, we prefer to do a separated analysis for both sets of data. 



4 Constraints from the branching ratios 

We define the following 6 independent ratios of the CP-averaged B ^ tttt, txK branching 
r3jijios 

_2B{B+-^n^K+) _B{B^^7r-K+) 



B{B+^Ti+K^) 2B{B^^n^K^) 

^ _ 2r+ g(g°^7r°ir°) ^ _ 2g(g+^7r+7r°) 
™ ~ To B{B+^n+Koy ~ B{B+^n+K^)' 

_T+(B{B^^7l+7T-)+B{B^^7T^7T^)) T+B{B^ ^ 71+7T- 



To 0(5+ ^ tt+ttO) To 0(fi+^7r+7rO) 

where t^/tq = 1.076 ± 0.008 [20j is the ratio of the B~^ and B^ lifetimes. Rc and i?„ were 
already introduced in 
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From Table 1 we obtain the following table 

exp Rt^k Rc Rm Rn Rtttt Rq 



BaBar 
Belle 

average 



0.45 ±0.09 0.92 ±0.09 0.94 ±0.11 0.84 ± 0.09 1.24 ±0.19 1.02 ±0.15 
0.45 ±0.19 1.09 ±0.19 1.14 ±0.28 0.79 ±0.18 1.45 ± 0.42 0.95 ± 0.29 
0.46 ±0.06 1.00 ±0.08 1.03 ±0.105 0.82 ± 0.08 1.26 ±0.17 0.98 ±0.13 



where CLEO data has been included in the average. 

From Rt^k we can obtain the tree (color allowed and suppressed) to penguin ratio. 
Defining 

r|A^| TX^R^ {T + C)X^Ru 



p\xt\ P 



Rt^k is written as 



o _ p. (T + Cmi^ _ fl {T + CnXR^f _ fl rl , _ fl^ ^ 

where the ratio fx/ fiT = ^-'^ gives an estimate of the size of the SU{3) symmetry breaking. 
Using the experimental value of Rt^k and A = sin = 0.226 we find Tc = 0.18±0.01. This 
result is obtained by neglecting the FSI corrections to tt^K^. 

The next step is to find the ratio C/T by adding the information of the B^tttt modes. 
In the quasi-elastic case the final state interactions in i? — >■ tt^tt" and B — > tt^tt^ cancel 
each other in their ratio and we have 



_ 2 + 3(|t)V {C/rr ± 2^ (f - 2) cos 

Rtttt 



a 



Since from Equation (fTJ 



(1 + C/T)2 
P {l + C/T)XRu 



(2) 



^ fx/ IttV RttK 

using the sine law [Rt = sin 7/ sin a and Ru = sin (3/ sin a) we can express the ratio C/T 
in terms of 7 and (3 as follows 



C _-{A + B/2) + ^/{3/2By + 3A-2 



T A- B-1 



where 



„ 3A^sin^7 „ 2Asin7 

-^TTTT , ^ -O/ 



{fx RttK sin {iT - 'J - (3) (/i^ //tt) V^ttK tan(7r - 7 - /3) 

In Figure ((1} we plot C/T as a function of 7, using the experimental value P, P = 
(21.70 ± 1.26)° j22j. We observe that in order to have the naive expectation C/T ~ 0.3 
from BaBar data we require 7 > 68°, namely a value that is above the upper limit of the 
standard fit, which taken at its la interval reads 7 G (52.7°, 65.4°' 



7 




Figure 1: C/T vs j extracted from ratios of B decay widths. 

We can obtain additional information about 7 using the ratios of the B -kK branching 
fractions. Inclusion of the diagrams is required in this case. Defining 



(T + C)\K\ 
and 

x = l — rcos7, ?/ = r — C0S7, z = rc(g — 2 C0S7), 
Rc can be expressed as follows 

l-2rc cos7+r^+grc[2 + 2;] + |(l-cos5^i^)rc(cos7-^-g[l + |]) 



Rn 



|(l-cos5^i^)rc(cos7 - ^ - g[l + f] 



1 — 2rc cos 7 +r^ + grc [2 + 2;] +2(1 — cos (5^i^)rc (cos7 — — g 



In Figure El we plot Rc as a function of 7 for different values of P^'^ and for two values 
of the difference of final strong phases {5t,k = and 30°). The dependence upon the 
strong phase is irrelevant but is enough to be confused with the effect of a small change 
in when 7 is small. From Figure |21 we see that the expectation q = 0.58 fI^ is 

excluded by the BaBar data. Small values of q, as we would expect from the naive ratio 
P^^ / P {nib) ~ o:/as{mb) ~ 0.03, namely g ~ 0.1 — 0.2, are preferred by data. Thus, 
assuming that at least q = 0.1, BaBar data puts a limit of 7 < 80°. 

Let us consider now the information provided by -R„: 



Rn 



1 — 2r cos7+r^ — 1(1 — cos5^x)rc(y — + — 1^]) 
l + 2(rc-r) cos7 + (rc-r)2-grc[2a;-z] + ^{l-cos6^K)rc{y-^ + q[x -f ]) 



The dependence upon the strong phase is less important than in Rc and we consider the 
analysis only for 6t,k = 0. From figure © we observe that q = 0.6 is not favored by data. 
Using the value g = 0.1, BaBar puts the limit 7 < 70° and Belle 7 < 75°. 
Finally, we consider the ratio Rm, 

Rm ~ 1 + lijc — r) C0S7 + {tc — rY + grc[— 2x + z\. 
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Figure 3: Rn vs 7 for St^k = and for different values of q. The horizontal bands represent 
the experimental value with ±lcr limits. 
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Figure 4: vs 7 for different values of q. The horizontal bands represent the experimental 
value with ±la limits. 



From Figure (jH) we observe that q = 0.6 is ruled out by Belle data, but neither of the two 
experiments puts a relevant constrain on 7 for small values of q. 

When more accurate measurements become available, we will be able to determine q, 
in addition to 7. At present we observe that large q values are clearly disfavored by data 
and are inconsistent with the ratio C /T displayed in Figure (Q). Clearly, small values of 
are preferred by data. 



5 Constraints from the CP asymmetries 

Final state interactions can receive contributions from rescattering of several intermediate 
states. In the framework of the Regge model FSI are dominated by the quasi-elastic 
modes, so we expect small strong phases. Since the CP asymmetries are proportional to 
the interference term TX^PX^, D = d,s, the inclusion of P^^ is negligible for any D, and 
we will neglect it. 

The TTTT direct asymmetries, in two-pion B decays are given by 

M , |2_|]4 |2 sin (^TTTT sin a 4^^ sin 5^,^ sin a 



Using Equation Q and the sine law relation i?tsina = sin 7, we obtain 
4A sin sin 7 ^ 4A sin 5^,^ sin 7 



SRoifx/ fn) V RttK "iiR-K-K — Ro){fK/ fTr)VRirK 

From Figure (jSj) we observe that the CP asymmetry coefficient Ctt+tt- measured by Belle 
disfavors large strong phase difference, while that measured by BaBar prefers small strong 
phases. Therefore, we can not infer any physical conclusion from this CP asymmetry. On 
the other hand present data on (7^0,^0 are consistent with a small strong phase difference. 
Note that we expect a CP asymmetry of opposite sign to though the data seems to 
favor a negative asymmetry. 
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Figure 5: Ctt+tt- and C^o^o vs 7 for two choices of the strong phase difference. The 
horizontal band represents the experimental value with its ilex limits. 

The expression for the S'^-Htt- asymmetry coefficient is: 

^+- = (l + C^+-)^>(e-"^^) = 

(1 + [sin 2a - 2psma+p^ + |(1 - cos5^^)(l + c) (sin 2a - l) +psina)] 
1 — 2pcosa + p2 + |(1 — cos57r7r)(l + c) (ii^ — 1) + + c)[cosa — cos(5 — a)] 

where p = {P/T){Rt/Ru), and c = C/T. Making use of equations (0), and Rt/Ru = 
sin 7/ sin/5, we obtain Figure © where we have plotted S-^+t^- as a function of 7 when 
= 0. From this plot we derive the following allowed intervals for 7: 7 ~ (70°, 85°) 
(BaBar) and 7 ~ (50°, 70°) (Belle). 

In the case of i? — > ttK decays, we have the following expression for the direct CP 
asymmetry coefficient: 

C = -rc sin sin 7 = - A — a/ R^k sin 5^k sin 7 

>J 'J In 



then 



-K+ = 
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Figure 6: St^+t^- vs 7. The horizontal bands represents the experimental values with its 
±lcr bounds. 

From Table 2 we have consistency of both experiments and a large asymmetry A.j^-k+- 
Note however that in this case photonic radiated corrections should be taken more carefully 
in the Montecarlo simulations. If forthcoming measurements confirm a large asymmetry, 
we should conclude that the quasi-elastic assumption it is not enough to explain data. 
In that case other final state interactions which we are neglecting in our analysis, like 
B — > DDs ttK, would be required. 

The situation with the other asymmetries is not clear at present. For example, the 
sign of Atj+ko differs for BaBar and Belle and for AnOK+ both experiments favor a pos- 
itive asymmetry, while we expect (and some other models |2n]-|2S] do) a negative value. 
Therefore, we consider that use of the branching ratios provides at present a more reliable 
source to derive bounds on 7. 

6 Conclusions 

We have used the quasi-elastic approximation to hadronic final state rescattering in i? ^ 
TTTT, Kn in order to extract information about the CP-violating angle 7 from experimental 
data of these decays. The values used for the rescattering parameters within our approach 
were obtained using the Regge model. 

Given the better uncertainty attained in experimental data of the branching ratios for 
these decays, they are at present a better source of information on 7 than the corresponding 
CP asymmetries. Note however that using the world average from BaBar and Belle data 
for the mixing induced asymmetry coefficient 5"^+,^- the result 7 ~ (70 ± 6)° is obtained. 

Using the information about the six independent branching ratios of B ^ tttt, Kti 
decays, we can also get bounds on 7. Present data on these observables do not offer a 
problem to our approach since required electroweak penguin contributions turns out to be 
small and the C/T ratio is non negligible. In this case, the value 7 ~ 70° is preferred. 

If a large direct CP asymmetry for tt^K~ decays is confirmed by forthcoming mea- 
surements, the quasi-elastic approximation may require some corrections. The most viable 
candidate could be the inclusion of the inelastic channel B ^ DDg^irK . 
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After completion of this work, we came to know the preprint \hep-ph/050808^ J 2 ^ . Let 
us comment similarities and differences between their papers and ours. 

1. We obtain the vr — vr absorptive elastic factors rj's quantitatively similar to the ones 
obtained in ref. 1261, but using a different approach. 

2. In ref. 126], the inelastic channel p+p—>- 11-1-71 is considered in the context of Watson 
theorem. But this theorem requires stable particles with respect to strong interactions as 
in- and out-states. It is not the case for p—p. Therefore 4 stable pions should replace the 
two unstable p 's. It is difficult to have a precise estimate of 4- pions to 2-pions scattering. 
However a rough estimate indicates this channel should have a negligible effect in the strong 
phase computation. 

3. In ref. l2^ . charmed intermediate states are estimated to have a negligible effect 
on strong phases. We agree with this point even if the argument is rather qualitative.. This 
seems reasonable 

4. The main differences between the two works are (a) that in \26f strong phases are 
found to be large due to the questionable inclusion of p 's in contradistinction with our paper 
concluding strong phases are small, and (b) contrary to \26f . we treat not only tt—tt modes 
but also 7T — K modes. 
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